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Abstract 

We develop a notion of a ‘canonical C-henselian valuation’ for a 
class C of field extensions, generalizing the construction of the canon¬ 
ical henselian valuation of a field. We use this to show that the p-adic 
valuation on a finite extension F of Qp can be recovered entirely (or 
up to some indeterminacy of the residue field) from various small quo¬ 
tients oi Gp, the absolute Galois group of F. In particular, it can be 
recovered fully from the maximal solvable quotient. We use this to 
prove several versions of the birational section conjecture for varieties 
over p-adic fields. 

II 


1 Introduction 

Let X/K be a complete, smooth and geometrically irreducible curve over 
a field iL, with function field F := K{X). Let F be any Galois extension, 
and put K ■= K F F. Then the canonical projection map of Galois groups 
pr : Gal{F/F) —)■ Gal{K/K) sits in an exact sequence 

1 ^ Gal{F/Fk) Gal{F/F) Gal{k/K) 1 (1) 
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Given any a G X{K), we can assign to it a ‘bouquet’ of group-theoretic 
sections Sa ■ Gal{K/K) —)■ Gal{F/F). Indeed, let Va be the valuation on F 
corresponding to a, and w the valuation on FK corresponding to a preimage 
of a in X := X ®k K (so w extends v). If we let and denote the 
inertia and decomposition group of w/v inside Gal{F/F), then we get by 
Hilbert Decomposition Theory a commutative diagram 


F, 


Gal{F/FK) -> Gal{F/F) Gal{K/K) -> 1 


-D,, 
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with exact rows. Here G^ denotes the Galois group of the residue field 
extension. It is known that the bottom row admits sections (see e.g. [H])- 
Any choice of such induces a section of (4.1) such that s{Gal{K/K)) C 
which is unique up to conjugation by an element of Gal{F/FK). Any 
member of the ‘bouquet’ of sections obtained in this manner is said to he 
over a. In a similar manner, if v is a valuation which is trivial on K and 
has residue field K, the same discussion shows that v induces a ‘bouquet’ of 
sections which are said to he over v. We call such valuations A"-valuations 
If we let Sp denote the set of sections of (1) modulo conjugation, we have 
thus defined a map 

^p-.X{K)^Sp. ( 2 ) 

In particular, taking F = K{X), this gives a map from X{K) to sections 
of the exact sequence 


1 —)■ G-f^^x) Gk(x) —t Gk —t 1, (3) 

where for any held F we let Gp denote its absolute Galois group. As part 
of his visionary programme of ‘anabelian geometry’, outlined in his famous 
“Esquisse d’un Programme” (see the appendix of [12]), Grothendieck made 
the following conjecture: 

Birational Section Conjecture. (A. Grothendieck) Let K be a field 
finitely generated over Q or a finite extension ofQp for some prime p. Then 

iy : A'(A') ^ 
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is a bijection. In particular, the existence of a section of (3) implies the ex¬ 
istence of a rational point on X. 

In [6], Koenigsmann establishes the local version of this conjecture, i.e. 
the case where K is a. hnite extension of Qp. Later, Pop showed in |T0] the 
even stronger result that : X{K) —)■ Sp" is a bijection, where F” denotes 
the maximal elementary %jp meta-abelian extension of F, with F a hnite 
extension of Qp containing a primitive p-th root of unityj^] 

In this note we aim to show a result somewhere in between, namely that 
one can take F = the maximal solvable extension of F: 


Theorem 1.1. Let K he a finite extension o/Qp. If F^°^^ denotes the max¬ 
imal solvable extension of F, then the map 

^ psolv X ^ ^psolv 


is a bijection. 


This follows from Pop’s Theorem in the case where K contains a primitive 
p-th root of unity. Pop’s proof uses local-global principles for Brauer groups 
and uses crucially the fact that one is working with function helds of curves. 
The main novelty of this note is the method of proof, which goes instead via 
the following new group theoretic characterization of the existence of certain 
valuations on a held, of interest in its own right: 


Theorem 1.2. Let K be any field, p a prime. Then there is a valuation v 
on K, extending uniquely to , with P^, ^ pTy and char{Kv) ^ p if and 
only if Gal{K^°’‘'^/K) has a non-procyclic p-Sylow subgroup with a non-trivial 
abelian normal subgroup. 


To do this, we develop a general machinery of ‘canonical valuations’ which 
allow one to deduce the section conjecture for any F satisfying certain tech¬ 
nical properties. Roughly speaking, if the choice of F is such that one can 

^He proves a slightly weaker result in the case when F does not contain roots of unity 
which still implies Koenigsmann’s original result. 
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develop a ‘good’ notion of a F-henselian valuation (i.e. a valuation on F 
extending uniquely to F), then we show that bijectivity of (2) is a purely 
formal consequence of the arguments from [3] and [1]. Theorem 1.2 then 
follows from the fact that satishes the required properties. 

In fact, pushing these arguments to their limit, we can even take F to 
be the maximal (p, g)-meta-abelian extension of F, where p and q are 
two distinct primes and F is a p-adic held containing a primitive p-th and 
g-th root of unitvffl The techniques here are based upon the fundamental 
characterization in [5]. With F as above, provided F contains (i, where I is 
a prime not equal to p, then one can show that 

XI Z;. 

where Gf{1) denotes the maximal pro-/ quotient of Gp- In |5] it is shown that 
any held L with the same maximal pro-/ quotient must admit a /-henselian 
valuation so-called tamely branching at /. Since / is arbitrary, it is clear that 
this criterion alone cannot recover a fully p-adic valuation. We will show that 
as soon as you add in some minimal knowledge of p-power extensions in the 
Galois group, you can recover it almost completely. In fact, we show that the 
maximal solvable quotient of the absolute Galois group recovers the valuation 
completely, while Gal{F^^/F)^ in the presence of roots of unity, recovers 
it up to some indeterminacy of the residue held. This gives a signihcant 
strengthening of the main result in |3]. 

Due to the strength of Theorem 1.2, we can also easily prove an analogue 
of the section conjecture for p-adic varieties as well (Theorem llO.ip in this 
paper), stating that sections correspond to unique F-valuations. 

2 Preliminaries 

2.1 Notation and Conventions 

Let F be a valued held, with valuation v. Denote the valuation ring the 
value group T^ and the residue held Kv. If a G denote by a the image 
of a in Kv. Given two valuation rings Oi and O 2 on a held, O 2 is said to be 
coarser than Oi if Oi C 02- Two valuations are called comparable if one is 

^See Definition 8.6. 

^Taking F = appears to be best possible using these methods, though see [7] for a 
strengthening when F = Q 2 - 
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coarser than the other. 


Given a held K, let Gk '■= Gal{K^^^/K) denote the Galois group of a hxed 
separable closure of K. We have the following two important subhelds of 


• K{p), the maximal p-power extension of p a prime. That is, the 
compositum of all extensions L/K with [L : K] = p” for some n. 

• K{p,q), the maximal (p, g)-extension of K, p and q distinct primes. 
That is, the compositum of all extensions L/K with [L : K] = p'^q^ 
for some n, m. 

• K^°''^, the maximal solvable extension of K, i.e. the compositum of all 
extensions L/K with Gal{L/K) solvable. 

The Galois groups Gal{K{p)/K), Gal{K{p,q)/K) and Gal{K^°^^/K) are 
naturally quotients of Gk- We denote them by Gk{p) , GK{p,q) and 
respectively. 

3 Some Galois Cohomology 

We recall some basics on Galois cohomology and the connection with Brauer 
groups and norms. The aim of this is to establish that the surjectivity of 
certain norm maps is a Galois theoretic property encoded by a very small 
quotient of Gk- 

Let p be a prime, G a pro-p group with rank n. Let H'^{G) := H^{G, ’L/p'L), 
i G N be the i-th Galois cohomology group. 

If iL is a held and L/K is a hnite Galois extension, we let Nljk : —)■ 

K^ denote the norm map. When L = K{-^) for some a G K^, we let N{a) 
denote the image Nl/k{L^). 

Now suppose G = Gk{p), the maximal pro-p quotient of Gk, is hnitely 
generated, where iL is a held containing (p, a primitive p-th root of unity. 
Then Kummer Theory provides an isomorphism 

H\GK{v),^/pn - K^/{K^Y 

and the theory of Brauer groups gives 

H\GK{v),^lvn^vBr{K) ~ (Z/pZ)" 
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for some n < oo, where pBr(K) is the p-torsion subgroup of the Brauer group 
of K. The cup-product pairing can be identihed with the Hilbert symbol 

K^/{K^Y X K^/{K^)P {Z/pZY 

sending the pair a, b to the symbol (a, h)K corresponding to the central simple 
/C-algebra with generators x, y subject to the relations = a, yP = b, xy = 
Cpyx. We have (a, 6)x = 1 iff a G N{b) iff 6 G N{a). 

We will want to make use of a strengthening of the above observation. 
To this end we hrst make the following dehnition: 

Definition 3.1. Given a held K containing (^p, let K' denote the maximal 
Z/pZ elementary abelian extension of K: thus K' = K(\/K^). Let K" 
denote the maximal Z/pZ elementary meta-abelian extension of K. That is, 
K" = {K'y. 

If G = Gk{p), we let G' := Gal{K'/K), G" := Gal{K"jK). 

Proposition 3.2. Let G = Gk{p) where K is a field containing (p. Then 
(i) H\G) ~ H\G') ~ K^/{KYY 

(a) Given a,b ^ H^{G), we have that aUb = 0 in H‘^{G) if and only if 
aUb = 0 in H‘^{G"). 

In particular, given a,b in /{K^)p, whether or not {a,b)K is 1 or -1 can 
he read off G”. 

Proof. Part (i) is just Kummer theory. For part (ii), see m, Lemma 1. □ 

We will also recall some basic facts about the cohomological dimension 
cd{G) of a pro-p group G. 

Proposition 3.3. Let G be a pro-p group. Then 

(i) cd{G) < n if and only if H^^^{G,Z/pZ) = 0; 

(ii) cd{G) = 1 if and only if G is a free pro-p group; 

(Hi) If G = Gk{p), where K is a field containing (p, then cd{G) = 1 if and 
only if for every a E \ {K^)p, the norm map 

Nl/f -.L^^K^ 

is surjective, where L = K{^/a). Eguivalently, pBr{K) = 0. 
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Proof. The first two items are standard (see m)- The last claim follows from 
the isomorphism H‘^{Gk{p),'^/p'^) — pBr{K) and the fact that pBr{K) is 
generated by the symbols (a, b)K (the Merkurjev-Suslin Theorem) which are 
trivial exactly when b ^ N{a). □ 

In fact, by Proposition 13.21 the conclusion of (iii) above holds even when 
G is taken to be G". 

3.1 Notions of Henselianity 

Definition 3.4. Let H he a. Galois extension of K, not necessarily finite. 
Then {K, O) is called il-henselian if O extends uniquely to H. Equivalently, 
if O extends uniquely to every finite sub-extension K <Z L <Z H . 

Lemma 3.5. (Hensels Lemma) The following are equivalent: 

(i) V is H-henselian; 

(a) Let f 6 C>„[x] be a polynomial which splits in H. Then for every a E 
with f(a) = 0 and f'{a) ^ 0, there exists a E O with f{a) = 0 and 
a = d. 

(iii) Suppose the polynomial -f -f ... oq E Oy[x\, with 

a„_ 2 , ... ,ao E My, splits in H. Then it has a zero in K. 

Remark 3.6. Note that given any valued held {K,v), we can always hnd an 
il-henselization of it, that is, an extension {K^, v^) of valued helds such that 

is if-henselian. 

The following choices of H will be of crucial importance in the rest of this 
paper: 

• H = In this case we call an il-henselian valuation simply 

henselian. 

• H = K{p), the maximal p-power extension of K for some prime p (that 
is, the compositum of all Galois extensions of K of degree p” for some 
n). In this case we call a iP-henselian valuation p-henselian. 

• H = K\ the compositum of all Galois extensions of K of degree p^q^. 
We call this the maximal (p, g)-extension of K. In this case an H- 
henselian valuation is called (p, g)-hensehan. 
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• H = the maximal pro-solvable extension of K. In this case we 

call a if-henselian valnation solv-henselian. 

In the case of p-henselianity we have the following nsefnl observation (see 
PP, Theorem 4.2.2). 

Lemma 3.7. A valuation v on a field K is p-henselian if and only if it 
extends uniquely to every Galois extension of K of degree p. 

4 Canonical classes 

Definition 4.1. Let C be a class of hnite gronps closed nnder extensions, 
snbgronps and qnotients. If G is a prohnite gronp, we let denote the 
maximal pro-C qnotient of G. If G = Gk, we dehne to be the nniqne 
snbextension of with G^ = Gal{K'^/K). For any held K, we let C(K) 
denote the set of Galois snbextensions of K'^ jK. 

By Galois theory, the following properties are immediate: 

(i) If L, F G C(K) then the compositnm LF G C{K)] 

(ii) If L G C{K) and F/F is a snbheld of L, then F G C{K)-, 

(hi) If L G C{K) and M G C{L) then M G C{K); 

(iv) {K<=Y = K^. 

From now on C will always refer to snch a class. 

Definition 4.2. A valnation on K which is F'^-henselian with respect to a 
class C is called C-henselian or simply c-henselian. We also say that K is 
c-closed if F = F'^. 

We have the following proto-typical examples: 

• C = Csep, the class of all hnite gronps. Then F'^ = F®®^ and c- 
henselianity is the same as henselianity. 

• C = Cp, the class of all p-gronps. Then = K{p) and c-henselianity 
is the same as p-henselianity. 


• C = Csoivi the class of all solvable finite groups. Then we write = 
and call a c-henselian valuation solv-henselian. 

Definition 4.3. Let Ci and C 2 be two classes. We say that Ci contains C 2 
if, for any prohnite group G, is obtained from G'^^ as the quotient by a 
characteristic subgroup. Note that in this case, the class of hnite groups in 
Cl actually contains the hnite groups in C 2 . 

On the held-theory side, if Ci contains C 2 , then for any held iC, if L G 
C 2 (iC), also L e Ci{K). 

Example 4.4. We have that Csoiv contains Cp for any p. Indeed, let G^ denote 
the maximal pro-p quotient, and the maximal solvable quotient. Then 
G^ is the quotient of G* by the normal subgroup generated by all its Sylow 
q subgroups, q ^ p, which is characteristic (since any automorphism sends a 
Sylow g-subgroup to another Sylow g-subgroup). 

Since isomorphisms descend to quotients by characteristic subgroups, we 
get that if Ci contains C 2 , then 

G'ji ~ G^ ^ G^^ ~ Gg 

for any two helds F and K. 

Definition 4.5. Call a class C canonical if the following conditions hold for 
any held K. 

(L) Let n be a c-henselian valuation on K, and assume K^v/Kv is separa¬ 
ble. Then K^v G C{Kv), and for any L G C(Kv), there exists a (not 
necessarily unique) L' G C{K) such that L'w = L, where w is the unique 
extension of v. In particular, if = K then {KvY = {K^v = Kv. 

(S) If Oi and O 2 are two independent c-henselian valuations on a held K, 
then K = 

(R) If is a hnite extension of K, then [K^ : K] <2. 
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Note: From now on, when we refer to a class C it will always refer to a 
canonical class, and a c-henselian valuation will always be with respect to 
some canonical class C. 

As indicated (see [1] p.l03 and [5]), we have the following known result; 
Fact 4.6. The classes Csep and Cp are canonical. 

Remark 4.7. To explain condition (R), recall the following classical results: 
K is real-closed (resp. Euclidean) if and only if K (resp. K{2)) is a £- 
nite, non-trivial extension of K, and in this case, the extension is of degree 2. 
Therefore this condition will allow us to keep close control over the behaviour 
of K in the unusual cases where is a hnite extension of K. 

The following simple observation is crucial: 

Proposition 4.8. Let Cgoiv the class of solvable finite groups. Then Cgoiv 
is a canonical class. 

Proof. Since Csoiv is closed under extensions, subgroups and quotients, it is a 
class in the sense of this paper. It remains to show that this class is canonical. 

Suppose n is a solv-henselian valuation on a held K. We need to show that 
we can lift solvable Galois extensions of Kv to solvable Galois extensions of 
K. By Galois theory, the solvable Galois extensions are exactly the radical 
ones. Since v is solv-henselian, and every Galois extension of degree p is 
solvable, v is p-henselian for every prime p, by Lemma 13.71 Since Cp is 
canonical, any Galois extension of degree p of Kv can be lifted to K. Because 
any radical Galois extension can be written as a succession of extensions of 
prime degree, we can thus lift any radical Galois extension of Kv to K. 
Note that for a held of characteristic p, a radical extension of degree p is to 
be interpreted as an Artin-Schreier extension of degree p, i.e., an extension 
obtained by adjoining the roots of a polynomial of the form — x — a. In the 
case when the valued held {K,v) is of mixed characteristic (0,p), assuming 
Cp G K, then such extensions of the residue held become ‘actual’ radical 
extensions of K, namely the extension of degree p obtained by adjoining a 
p-th root of 1 -|- (Cp — l)^a. Hence Cgoiv satisfies property (L). 

Next, suppose Vi and V 2 are two independent solv-henselian valuations on 
a held K. As remarked in the above argument, Vi and V 2 are in particular 
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p-henselian for every prime p. Since Cp is a canonical class, it follows that 
K does not admit any non-trivial extensions of degree p. Hence it does not 
admit any radical extensions, whence K = K‘^, implying that Csoiv satishes 
property (S). 

Finally, if [K‘^ : K] < oo, then [K{p) : K] < oo for every prime p. Again 
using that Cp is canonical, we hnd that K'^ = K(2) and [K{2) ■. K] < 2. 
Hence Csoiv satishes (R). □ 

In an entirely analogous fashion we can prove the following: 

Proposition 4.9. Given two primes p,q, let Cp^q he the class of finite {p,q)- 
groups, i.e., groups of cardinality p^q^ for some n, m. Then Cp^g is a canon¬ 
ical class. 

We shall see that C-henselian valuations with respect to a canonical class 
C admit a notion of a canonical c-henselian valuation. The hrst property we 
will need in this direction is that c-henselianity behaves well with respect to 
compositions of valuations. Indeed, let vi and V 2 be valuations on a held K 
with valuation rings Oi and O 2 respectively. If Oi C O 2 , so V 2 is a coarsening 
of Vi, we get an ‘exact sequence of valuations 

1 —^ V 2 —^ V\ —^ Vi/V 2 —^ 1 (4) 

Here V 2 /V 1 is the induced valuation on Kv 2 with valuation ring Oi := O^j M .2 
and maximal ideal M.\ := M.\/M. 2 - The ‘lifting’ property (L) is the key to 
the following 

Lemma 4.10. Given an exact sequence of valuations as above, then Vi is 
c-henselian if and only if V 2 and Vi/v 2 is. 

Proof. Suppose vi is c-henselian. Let 

/ = -f ^ -\- an—2X^ ^ -f- . . . -|- Cio ^ O2 [x] 

be such that a* G Ali. If / splits in then since A4 2 C All, Lemma 13.51 
implies that / has a zero in K and so V 2 is c-henselian. Next, assume that 
di G AI 1 /AI 2 , and suppose / splits in Kvl = {K^)vi. We may assume that 
/ splits in K^. Indeed, without loss of generality suppose / is irreducible. If 
/(a) = 0 for a G {KvY, then by property (L), there is an extension F G C{K) 
such that Ac is the splitting held of /. Then we can simply replace / by 


11 





the minimal polynomial of a G -F with a = a. Hence / has a zero in Oi by 
c-henselianity, and so also in Kvi. Thus V 2 and Vi/v 2 are both c-henselian. 

The other direction is straightforward. Let / G Oi[x\ be a polynomial 
which splits in and has a root in Kvi. Then using c-henselianity of hrst 
vi/v 2 and then V 2 one lifts the root hrst to Hence = Gal{K^/K). OxjM.\ 
and then to K. □ 

5 Constructing the canonical c-henselian val¬ 
uation 

We mimic the classical construction. 

Definition 5.1. Dehne subsets Ci and C 2 of the set of all valuation rings of 
a held by 


Cl ■.= {O ■. O is c-henselian and O/M. is not c-closed} 

C 2 '■= {O : O is c-henselian and OjM. is c-closed}. 

If we want to emphasize the ambient held in question, we write Gi(iC), resp. 

C2{K). 

Note: Since K itself is always a c-henselian valuation ring of K, the set 
Cl U C 2 is never empty. 

Remark 5.2. Suppose that O <Z O' are valuation rings of K and O' has c- 
closed residue held O'/ Ai' . Then by the Lifting Property (L), we know that 
the valuation ring O j Ai' of O' j Ai' has c-closed residue held Oj Ai. Hence 
O also has a c-closed residue held. 

Recall that two valuation rings O and O' are called ‘comparable’ if one 
is a subset of the other. 

Proposition 5.3. Any two valuation rings from Ci are comparable. If C 2 
is non-empty, then C 2 contains a valuation ring which is coarser than every 
valuation ring from C 2 and strictly finer than every valuation ring from Ci. 
If C 2 is empty, then there is a finest valuation ring in Ci. 

Proof. We hrst show that two rings from Ci are always comparable. Indeed, 
assume 0i,02 are incomparable c-henselian valuations. We will show that 
they are both in C 2 , i.e. they have c-closed residue helds. It follows from the 
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assumed incomparability that O := O 1 O 2 is a proper coarsening of Oi and 
O 2 and that the valuation rings OijM. and O 2 IM. oiO/M. are independent. 
Furthermore, by Lemma 14.101 they are both c-henselian. Thus by the (S)- 
property of C, O jKi is c-closed. By Remark [5^ the residue helds of 0\ and 
O 2 are also c-closed: that is, they are in C 2 - 

Now, if Cl is non-empty, then since all rings in Ci are comparable, the 
intersection O* := floeCi ^ is a valuation ring with maximal ideal A4, 
which is clearly hner than every valuation ring in Ci. By Lemma 13.51 it is 
easy to see that O* is c-henselian, so if C 2 = 0, then O* is a hnest valuation 
ring in Ci, proving the last claim of the proposition. 

Next suppose C 2 7 ^ 0- Then a simple Zorn’s Lemma construction shows 
that C 2 has a maximal element O**. Property (S) implies this element is 
unique. For supposing Oi and O 2 are two distinct maximal elements, then 
their compositum (P 3 := O 1 O 2 is c-henselian and Kv^ has two independent 
c-henselian valuation rings OijM.j, and O 2 IM.z- Hence O 3 is in C 2 , contra¬ 
dicting maximality. □ 

Definition 5.4. The canonical c-henselian valuation of K, denoted by Oc 
(or Vc), is dehned to be O* if C 2 = 0, and O** otherwise. We also put 

C-.= CiU{0,}. 

Thus the canonical c-henselian valuation is the hnest valuation ring in C. If 
we want to emphasize the ambient held, we write C{K). 

The point of this construction is that the canonical valuation enjoys many 
good structural properties not enjoyed by an arbitrary c-henselian valuation. 
The main such properties are summarized in the following 

Proposition 5.5. The canonical c-henselian valuation satisfies the following 
properties. 

• Oc is non-trivial if and only if K is not c-closed and admits a non¬ 
trivial c-henselian valuation. 

• If O E C then O is comparable to any other c-henselian valuation 

• If Oc does not have c-closed residue field, then neither does any other 
c-henselian valuation ring on K 
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• If O is strictly coarser than Oc, then O jM. is not c-closed. If O is 
finer than Oc, it has c-closed residue field. 

• If K is c-closed, then C = {K}. 

Proof. Follows easily from the construction. For example, for the second 
property, since Ci and C 2 partition the set of c-henselian valuations, and Oc 
is comparable to every element in Ci and C 2 by construction, it is comparable 
to every c-henselian valuation. □ 


6 Three ‘Going-Down’ results 

The formal properties of the canonical valuation are all that is required 
to prove the analogues of the three ‘Going-Down’ theorems from [T] for c- 
henselian valuations. We prove the two we will need later and leave the third 
as an exercise to the reader. The proofs follow those in [1]. 

Proposition 6.1. Let L G C{K) be a normal extension, and suppose O' G 
C{L). Then O := O'n K e C{K). 

Proof. \i L = then O' = L and O = K, and the claim is trivial. 

Suppose then that L ^ and O' is non-trivial. We will show that O' is 
the unique extension of O to L, and hence that {K, O) is c-henselian. Indeed, 
let O" be any extension of O to L. Then there is some a G Gal{L/K) such 
that O" = ^{O'). Hence O" is also c-henselian, and so by Proposition 15.5[ 
is comparable, and hence equal to. O': indeed, distinct prolongations of a 
valuation to an algebraic extension are never comparable, by Lemma 3.2.8 
in [I]. 

We hnally show that Oc{K) C O. Assume for a contradiction that O is 
strictly contained in Oc{K). By Prop 15.31 O G C2{K). Now, by standard 
valuation theoretic arguments, we can hnd an extension O'" of Oc{K) to L 
containing O': in particular. O'" contains Oc{L). In fact, it strictly contains 
it, since otherwise, upon restricting to K, we would get O = Oc{K), contrary 
to assumption. Hence, by Prop. 1.11, O'" does not have c-closed residue held. 
Hence neither does Oc{K), implying C 2 {K) = 0, contradiction. □ 

Proposition 6.2. Suppose L is not c-closed, and let L G C{K) be a finite 
extension. If O' G C{L), then O := O' H K E C{K). 
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Proof. One first passes to the normal hull of h/it', and then proceeds as 
above. □ 

For the last Going-Down result, concerning Sylow p-extensions, we will 
need to add some extra technical conditions in the case p = 2 (see DP page 
108-109). Recall (see pQ p. 109) that if there is a c-henselian valuation 
with real-closed residue held, then there exists a valuation ring G C'i(L) 
maximal with respect to the property of having a real-closed residue held. 

Proposition 6.3. Let L G C{K) be a Sylow p-extension and let O' G C{L). 
Ifp = 2 and the residue field of O' is real-closed, we also assume O' is coarser 
than 0+. Then O := O'H K e C{K). 

Proof. Assume O' is non-trivial, so L 7 ^ by Proposition 15.51 Let O^ be 
the unique extension of O' to L^. Now let M G C{L) be hnite over L, and 
set Oi = OT\ M, evidently a c-henselian valuation. We claim that Oi is the 
only c-henselian valuation ring of M restricting to O. 

Indeed, assume O 2 is another such ring. Then we hrst claim Oi and O 2 
are not independent. Otherwise, M = by the (S) property, so L'^ = M 
is hnite. By the (R) property, [L'^ : L] = 2, and since L is the hxed held 
of a Sylow p-subgroup, [M : L] = : L] = p"" for some n. It follows that 

p = 2 and L'^ = L{2), so L, and hence also its residue held with respect 
to O', is real-closed. But note that we assumed O' was coarser than C>+, 
and so L cannot be real-closed: contradiction. Therefore Oi and O 2 are not 
independent. 

They are also incomparable, since they are distinct valuation rings both 
restricting to O. Hence O 3 := 0\02 is non-trivial, and its residue held 
k := O 3 /M .3 has independent valuations O 1 /M .3 and O 2 IM. 3 . Note that 
these valuations are c-henselian by Lemma [4 . 101 Hence, by the (S)-property, 
k = k". Now since Oi and O 2 are non-comparable, Oi is a proper subset of 
O 3 , implying that (P 3 fl L is strictly coarser than OfiL). Indeed, otherwise, 
upon restricting both to L, we hnd O' = O 3 P L, and since the former is 
c-henselian, this forces Oi = O 3 , contradicting the fact that Oi and O 2 are 
not comparable. Hence O 3 fl L does not have c-closed residue held k". Since 
[M : L] is hnite, so is [k : k"], with k = [k")". It follows from the (R)-property 
that the degree of the extension is 2, and so by Lemma ??, 2 divides [M : L\. 
As L is the hxed held of a Sylow p-subgroup, [M : L] must be of degree p” 
for some n. This implies that p = 2: in this case we have assumed that O' 
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is coarser than 0~^. But then O" is strictly coarser than and still has 
real-closed residue field, which gives a contradiction. 

It is now straightforward to show that O is c-henselian, since it has a 
unique extension to M, which is itself c-henselian. □ 

7 Rigid elements 

We recall the fundamental results from the theory of so-called ‘rigid elements’. 
This will be the key input to recover any sort of valuation whatsoever from 
the absolute Galois group. The theory developed above will then be used to 
bootstrap this valuation up to what we want. 

Let be a valuation ring of a field K. Then if a; G \ the 
ultrametric inequality implies the additive and multiplicative action of 
on X possesses a certain rigidity, in the sense that one can never move too 
far away from x. Precisely, one has 

a" + C O- U (5) 

It turns out that any subgroup T < which acts in a similarly rigid fashion 
on elements of \ T must be induced by a valuation ring. 

Definition 7.1. If a; G \ T, then we call x T-rigid if 

T + a;T C T U a;T 

For simplicity we restrict now to the special case where {F^y < T for some 
prime p. In this case, define the sets 

C>i(T) := {a;GiL\T: l + a;GT} 

c > 2 ( t ) := {x e T: xoyr) c oyr)} 


and 

0{T) := C>i(T) UC>2(T). 

Proposition 7.2. Given the setup as above, suppose in addition that every 
element in \T is T-rigid, and if p = 2, assume that —1 G T. Then if 
p y 2, 0{T) defines a valuation ring of K with 0{T)^ C T. If p = 2, there 
exists a subgroup T' < eontaining T such that \T' : T] = 2 and 0{T') is 
a valuation ring of K with 0{T')^ C T'. 
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Proof. This is Theorem 2.2.7 in pQ. □ 

So provided p 7 ^ 2, the valuation ring will be non-trivial if and only if T 7 ^ . 

The next lemma gives a powerful method for detecting the existence of 
subgroups T satisfying the criterion of proposition 17.21 

Lemma 7.3. Let p be an odd prime, K a field. Suppose S < is a 
subgroup of index [K^ : S'] > p^, such that for any x G K'^ \ S , 


p-i 

S + C IJ x^S. 

i=0 

Then there is a subgroup T < with S T, [T : S] < p, and every 
X G \ T is T-rigid. 

Proof. This is Lemma 2.14 in [5]. □ 

For later use, we also make the following dehnition: 

Definition 7.4. Given a held K and a prime p, an element a G 77 \ is 
called strongly p-rigid iff it is (i7^)^-rigid, i.e., iff 

RP + aRP CRPU aRP. 

Proposition 17.21 shows sufficiently many strongly p-rigid elements induce 
the existence of a non-trivial valuation ring. In fact, in [ 6 ] it was shown, 
using model theory, that even just a single strongly p-rigid element already 
implies the existence of such a valuation. 

8 A Galois-theoretic characterization of c-henselianity 

A Galois theoretic characterization for a held to admit a non-trivial p-henselian 
valuation was obtained in | 1 ], provided the held contains a primitive p-th 
root of unity (p. The formal properties of canonical valuations established 
above allow us to obtain an analogous characterization for the existence of 
a c-henselian valuation in terms of the maximal C-quotient of the absolute 
Galois group. 
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Definition 8.1. A valuation u on a field K is said to be tamely branching 
at the prime p if char{Kv) ^ p, ^ pT^. If [F^ : pF^] = p, we also require 
that Kv is not p^-closed, that is, there exists a separable extension of Kv of 
degree divisible by p^. 

Notice that if p = 2 and Kv is formally real, then Kv admits an extension 
of degree 2 but not degree 4, as ■. Kv] = 2. This is however the only 

case for which having an extension of degree p does not imply that there is 
also an extension of degree p^. So outside of this case, the last condition is 
equivalent to Kv not being p-closed. 

The following observation will be crucially used later. 

Lemma 8.2. Let F he a finite extension ofQp. Then F does not admit any 
p-henselian valuation tamely branching at p. 

Proof. Let Vp denote the p-adic valuation, and suppose w is another valuation 
which is p-henselian tamely branching at p. As Vp is a rank 1 valuation and 
has a residue field which is not p-closed, w must be a refinement of Vp, and 
hence must have residue characteristic p: contradiction. □ 

We now present a sharpening of the Galois-characterization for p-henselian 
valuations tamely branching at p obtained in |1]. Recall Definition 13. II of the 
maximal elementary Z/pZ meta-abelian extension. Let us also recall that 
if F = Q<i{Cp), Inot = p, then one can show that Gf{p) — Zp x and 
so the maximal elementary Z/p meta-abelian quotient is ~ 'L/p^'L x 'L/p^'L. 
For this field F it is also known that the norm maps A^l/f are not surjective 
when L = F{f/a). By Lemma 13.31 the same will therefore be true of any 
other field K for which the maximal elementary Z/p meta-abelian quotientof 
Gk is of the same form. 

Proposition 8.3. Let p be a prime, and let K be a field with a primitive 
p-th root of unity. Let K denote the maximal elementary 'L/p'L meta-abelian 
extension of K. Then K admits a p-henselian valuation tamely branching at 
p whenever Gal{K"/K) ~ 'L/p^'L x 'L/p^'L. 

Proof. We will only treat the case p > 2 in what follows. The case p = 2 
follows using the same method as in |1] Lemma 5.4.4. 

Let us suppose first of all that G := Gal{K"/K) ~ Z/p^Z x 'L/p^'L. Then 
by Kummer theory. 


dimF^A:^/(A:^)^’ = rank(G) = 2. 
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Suppose H < G is a subgroup of index p. Then we claim that H ~ 'L/p^'L xi 
'L/pP'L where G {1,2}. Indeed, the embedding H ^ 'L/p^’L xi 'L/p^’L 
induces the following commutative diagram with exact rows: 


1-> Z/p2z G —^ Z/p2z-> 1 


1-> H" ^ -> H -» H' -> 1 


where H" = im{g) r\ H, H' = f{H), and since H' is cyclic, the splitting of 
the top sequence induces one for the bottom one. So iif ~ if' xi H". If H' or 
H" were trivial, then H would have index greater than p, contradicting our 
assumption. 

If L is an extension of K of degree p, applying the above in the case when 
H = Gal{K"/L), we see that 

dimp^L^/{L^Y = rank(ii) = 2 (6) 

as well. Armed with this crucial observation, we now wish to use Lemma 17^ 
with ,S= {K^)P. 

If we let 

p-i 

(x) := 

i=0 

then we need to show that for every x E \ {F^y, {F^y + x{F^y C 
{x){F^y, where this last set denotes the multiplicative group generated by 
X and {F^y. Notice that for any a,b E F^, z := a + E L ■= K{^) 
has norm Nl/p{z) = + xbP. Therefore the conditions of Lemma 17.31 are 

met if we can show that 

Np/p{L^) = {x){FyP ( 7 ) 

for any such L. Since Np/p{^) = x, we have that {x){F^y C Nl/p{L^) 
and, since x y F^, y L^. By Lemma (3.21 and the discussion proceeding 
the statement we are proving, Np/p : L —)■ F is not surjective. Thus we 
may hnd y E F^ \ {x){F^y. Since Lp nF = F^, y y {^){L^y. Thus y 
and are independent elements in the Fp-vector space L^/{L^y, which is 
2-dimensional by (2.3). Thus 
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from which, by taking norms, we obtain (2.4) as desired. 

Since [F : pF] = [K^ : = p"^, we can use Lemma 17.31 together 

with Proposition 17.21 to see that K admits a valuation O with < T, for 
some T C containing {F^y. Since then 0^{F^y (Z T y we have 
F^ y pT^. 

The rest of the proof now proceeds exactly as in [1]. □ 

We are now ready to deduce the hrst main result, giving a Galois theoretic 
characterization for a held to admit a c-henselian valuation. We will assume 
in the proof that p > 2 for simplicity. 

Theorem 8.4. Let K he any field, and let C be a canonical class containing 
Cp for some prime p. If K{(p) ^ C{K), then we will also assume that (p G K. 
Then there is a c-henselian valuation v on K tamely branching at p if and 
only if Gal{K^/K) has a non-procyclic p-Sylow subgroup with a non-trivial 
abelian normal subgroup. 

Proof. If K admits such a valuation, then the valuation extends 

to a c-henselian valuation on the hxed held of any p-Sylow subgroup S of 
Gal{K^/K). By Hilbert ramihcation theory, the inertia subgroup of this 
extended valuation is a non-trivial normal abelian subgroup, and S is not 
procyclic. 

(“<^=”): Let S be such a Sylow subgroup, with hxed held F. By as¬ 
sumption S admits a non-trivial abelian normal subgroup H ~ Z)) where 
r = rank{A). 

If r > 1, then S has a normal subgroup of the form Zp xi Zp, and so its 
hxed held is a normal held extension L/F inside such that 

Gal{KyL) = Gal{LyL) ~ Zp x Zp. 


Since 

cdp{Zp X Zp) = 2 

we hnd char{L) y p, since the p-cohomological dimension of a held of char¬ 
acteristic p is always < 1 (see [13] Chapter 2, Section 2.2). By construc- 
tioi]0, L(p) = and Gal{L’^/L){p) = Gal{L{p)/L) ~ Zp x Zp. If 

K{(p) ^ C{K), then (p E K Z L hj assumption. On the other hand, sup¬ 
pose K{C,p) G C{K). We have that [K{(p) : K] divides p — 1. Since (p G 

"'^Noting that since C contains Cp, K‘^ is p-closed. 
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but there are only p-power extensions between L and it must therefore 
be that (p G L. Thus in all cases, (p G L. Then by Proposition 18.31 there is 
a p-henselian valuation w on L tamely branching at p. Since L{p) = L^, the 
valuation is actually c-henselian. Let v be the canonical c-henselian valuation 
on L. By Proposition 15.51 v is still tamely branching at p. By Proposition 
Em its restriction to F is again c-henselian, and clearly still has residue char¬ 
acteristic not p and value group not p-divisible. Finally, by Proposition 16.31 
we may once more restrict to K and obtain a c-henselian valuation tamely 
branching at p as desired. 

If r = 1, then since S is not pro-cyclic, there is g ^ S \ A such that 

A XI (^f) ~ Zp XI Zp. 

Letting L be the fixed held of this semidirect product, we hnd in the same 
way as above that L has a c-henselian valuation tamely branching at p. Its 
unique prolongation w to the hxed held Fix{A) of A has non-p-divisible value 
group and residue characteristic not p, and so the same will be true for Wc, 
the canonical c-henselian valuation on Fix{A). By the ‘Going-Down’ results, 
the restriction of Wc to L is c-henselian and tamely branching, and therefore 
so is its restriction to F, which gives us the desired valuation. □ 

Remark 8.5. For example, we may take C to be Cgoiv in the above. Since 
K{(p) is a solvable extension, we do not in this case need to assume anything 
about K containing (p. 

We record the following strengthening of the above utilizing the full sharp¬ 
ening obtained in Proposition 18.31 

Definition 8.6. We denote by the compositum of all elementary abelian 
'L/qL extensions of K", the elementary Z/pZ meta-abelian extension of K. 
We call the maximal (p, g)-meta-abelian extension of K. 

Corollary 8.7. Let K he any field containing (p and let C = Cp^q, the class 
of all finite groups of order p'^q^ for some n, m. Then there is a c-henselian 
valuation v on K tamely branching at p if and only if Gal^K^'^/K) has a 
non-procyclic p-Sylow subgroup with a non-trivial abelian normal subgroup. 

Proof. This follows in the exact same way as the proof of the above Theorem. 

□ 
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9 Recovering the p-adic valuation 

Now let C be any canonical class containing Cp^g-. for example Cp^g or Csoiv ■ 
Thus Theorem 18.41 can be applied in this context. We will now show that if 
we impose extra structure on the groups in question, we are rewarded with 
extra structure on the valuations obtained in this way. We will hrst need 
some preliminary technical results. 

Proposition 9.1. Let {K,v) be a valued field of mixed characteristic (0,p) 
such that 0[1 / p] = K, is finite. Then Kv is perfect. If in addition 

T^ 7 ^ pT^, then T.^ ~ Z and Kv is a finite field. 

Proof. This is just Lemma 2.4. □ 

The proof of the next proposition was related to the author by Koenigs- 
mann. 


Proposition 9.2. Let {K,v) be a p-henselian valued field of mixed charac¬ 
teristic (0,p) with 0^\i/p\ = K and suppose that Gk{p) is finitely generated. 
Then 

T^ =pT^ cd{GK{p)) < 1. 

Proof. By Lemma [3.31 it suffices to show that for any a G \ 


Nl/k :L^ 

is surjective, where L = K{f/a). Since T^ = pT^, = Of{K^Y, and so a 
may be taken to be a unit. Since the residue characteristic is a perfect held 
of characteristic p by Proposition 19.11 we may further take a to be in 1 + Al, 
say a = 1 y. 

Let a be a primitive element for LjK which is integral and has trace 1. 
Now we claim that there is x G iP such that 


NL/K{l + xa) = l + y. 

Indeed, expanding the norm we get N{q.)x^ + ...—x + 1 = 1 + y. Let 
/(x) G 0[x\ be N{a)x^ — x — y: we need to show that / admits a 

root in K. But f{y) = 0 since v{y) > 0. This root is furthermore simple, 
since /'(p) = y{ay^~^ + ...) — a which becomes —1 in the residue held. By 
p-henselianity, this root lifts to K as desired. □ 
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In fact, it is possible to prove the following even stronger result, though 
we omit its proof as its full strength is not necessary for our considerations. 

Proposition 9.3. Let {K,v) be a p-henselian valued field of mixed charac¬ 
teristic (0,p) with 0^[l/p\ = K and suppose that Gk{p) is finitely gener¬ 
ated. Then if = pT^, there exists a field F of characteristic p such that 
Gk{p) ^ GfIp). 

The last result we need is a strengthening of a lemma by Pop (Satz 4 of 
ED- We simply optimize his original proof. 

Lemma 9.4. Let G := Gal{F^^/F) = G^ where F is a finite extension of 
Qp and F^^ is as in Definition \8.(A Then there is a p-subgroup R of G such 
that if H < G is non-trivial, then H {!}. 

Proof. Let Ip and Rp denote the inertia and ramihcation subgroup of G with 
respect to the p-adic valuation on F. We claim that Rp satishes the desired 
property. 

Indeed, suppose H is any normal subgroup, and let L be the hxed held 
of H in F^^. Then note that Rp fl iF = Rp., the ramihcation subgroup of the 
p-adic valuation on L. So we need to show that this ramihcation group is 
non-trivial. We will show that the p-Sylow subgroups of G^ff are non-cyclic. 
Assuming this, note that if Rp = 1, then Ip ~ for some r. Also, 

GY/II — GYy The Sylow subgroups of GY/I are of the form PI/I where P 
is a Sylow subgroup of Gf. Since Ip is not pro-p (and has no pro-p quotients) 
it commutes with any Sylow subgroup P as both are normal. Thus PI //is 
cyclic if and only if P is cyclic. But GY^ — ^/p x Z/g clearly has a cyclic 
p-Sylow subgroup, which gives us our desired contradiction. 

Let Fi/F be any Galois sub-extension of F^^^ not contained in L, and 
put k = Fi r\ L, Li = F^ r\ L, where is the maximal elementary abelian 
Z/p-extension of Fi. Since Li and Fi are linearly disjoint, 

Gal{Li/LY ^ Ga/(LiFi/Fi)" 

and Gal{LiFi/Fi) is a quotient of Gal{F[/Ff). Therefore L^k is a 'L/p'L- 
extension. Now 

\ T?' . T I? 1 _ ^ b 

where a = [Fi ■. Qp],6 = [k : Qp]. By taking an element a in F^'^ of degree 
p^q over F but not contained in L, we may choose Fi = F{a). Since L/F 
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is of degree at most [Fi : k] is at least degree p or q, and in either case 
is at least 2. Then a — 6 ^ 2 by the Tower Law, and so | : LiFi], It 

follows that Gal{Fi/LiFiY is at least (Z/pZ)^ and so is not cyclic. 

Now, any p-Sylow subgroup of Gal{F^/Liy‘^ must contain Gal{F^/LiFiY^, 
as it’s a subgroup of the p-group Gal{F^/FiY. Because any subgroup of a 
cyclic group is cyclic, it follows that Gal{F^/LiY^ has no cyclic p-Sylow 
subgroups. Since Gal{F[/LiY — Gal{LF[/LY^, neither does Gal{LF[/LY^- 
But as this is a quotient of G^j, it follows that G'Y also cannot have any 
cyclic p-Sylow subgroups. □ 

Armed with the above technicalities, we are ready to prove the second 
main result. 

Theorem 9.5. Let F a finite extension of Qp containing (p and Q with p- 
adic valuation Vp. Choose C to be any canonical class containing Cp^q, where 
q is any prime different from p. Suppose L is any field with 

nc nc 
'^L — '^Fi 

where, if L{(n) Y C{L), n G {p, q}, we additionally assume that (n € L. Then 
there is a c-henselian valuation v on L with Lv a finite field of characteristic 
p and ~ Z. Furthermore, there is a finite extension F' of Qp with p-adic 
valuation Vp, such that Gf, ~ Gf, [F' : Qp] = [F : Qp], and Lv ~ F'vp. If 
we take C = Cgoiv then F' can he taken to be F. 

Proof. Let v be the hnest non-trivial c-henselian valuation on L, which exists 
by Theorem 18.41 Let us hrst show that the residue characteristic of v is p. 

Suppose, for a contradiction, that the residue characteristic is not p. If 
T^ Y pT^ then L contains strongly p-rigid elements: indeed, it is not hard 
to see that any a with v{a) Y pT^ is strongly p-rigid. By the main result of 
|5] , L therefore admits a p-henselian valuation tamely branching at p, which 
by Proposition 18.31 is encoded in Gl{p)- The isomorphism Gf ~ Gf forces 
their maximal pro-p quotients to be isomorphic, and since we are assuming 
C contains Cp^q, these coincide naturally with the maximal pro-p quotients 
of the full absolute Galois group. It follows, again by Proposition 18.31 that 
F also admits a p-henselian valuation tamely branching at p, contradicting 
Lemma 18.21 

Hence it must be that P^ = pP^,. Because char{Lv) Y p, the inertia 
subgroup of G\ is normal and contains no non-trivial pro-p subgroups. 
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By Lemma [9.41 this forces to be trivial. Hence 

GL ^ Gl/h ^ 

Again by Theorem 18.41 Lv admits a non-trivial c-henselian valuation, from 
which we may obtain a proper rehnement of the original valuation on L, 
contradicting the fact that we choose v to be the hnest such. Thus it must 
have been the case that char(Lu) = p. 

Now, since Gl{p) — Gf{p) as remarked above, and cdiGpip)) = 2, Propo- 
sition in^ implies that r.u ^ pT^. Since a p-adic held has small absolute Galois 
group, having only hnitely many extensions of a given degree, we may ap¬ 
ply Proposition 19.11 to deduce that P^ ~ Z, and that Lv is a hnite held of 
characteristic p. 

Put L' := L n Q and let F' be the henselization of L' with respect to u', 
the restriction of v io L'. The induced valuation on still has value group 
Z and residue held hnite of characteristic p: therefore it is a hnite extension 
of F and v' coincides with the p-adic valuation Vp. By construction, 

and F'vp ~ Lv. Since Gp, ~ Gp, we have Gf'{p) — Gf{p)- By [13] Section 
5.6 Lemma 3, we must have that [F' : Qp] = [F : Qp]. 

Suppose next that C = Cgoiv Then by work of harden, Ritter and Jenkner 
(0. im. 0). it follows that 

F' n Qf = F n Qf , 

which forces Lv = Fvp. □ 

Note that as before, if we take C = Csoivi then we do not need any extra 
assumptions on L containing roots of unity. 

Let us also observe that from the above proof it follows that a minimal 
positive element in P.„ above may be taken to be v{'k) where tt is a uniformizer 
of F' algebraic over Q. Indeed, the subgroup of P.u generated by u(7r) will 
already be all of Z. 

Corollary 9.6. Let F he a finite extension o/Qp containing (p and (q. If L is 
any field also containing (p and (q, and if GafiL'^^/L) ~ Gal{F^^/F), then L 
admits a non-trivial {p,q)-henselian valuation v with P.^ ~ Z. Furthermore, 
there is a finite extension F' ofQp containing (p and Q such that G^fi, ~ G^, 
[F' : Qp] = [F : Qp] and Lv ~ F'vp. 

Proof. The proof is identical to the above, simply using Corollary 18.61 □ 
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10 The Section Conjecture 

We are now ready to prove the main result. 

Theorem 10.1. Let X be a smooth, projective variety of dimension n, where 
F is a finite extension ofQp and F contains (p and (g. Then given any section 
s of 

1 —)■ Gpi^x){Pi 9 ) Gf{x){p, q) —t Gf{p, 5') —t 1 (8) 

there exists a unique F-valuation v of F{X) such that s lies above v. In 
particular, the existence of a section implies the existence of a point. When 
X is a curve, the F-valuation is induced by a unique point a G X{F) and 
therefore the section lies over a. 

Proof. Let s : GF{p,q) Gf{x){pw) be a section, and let K be the hxed 
field in F{X){p) of s{Gf{p, q))- Then Gk{p, q) ^ s{Gf{p, q)) ^ Gf{p, q). By 
Theorem 19.51 there is a finite extension F'/Qp and a valuation v on K with 
value group Z and residue field isomorphic to F'vp, where Vp is the p-adic 
valuation on F'. Let vr be a uniformizer of F' with respect to Vp which is 
algebraic over Q. Then v{x) is a minimal positive element in L^. Consider 
the restriction tc of n to F'{X). Then w still has residue field F'vp and w{n) 
is still minimal positive. Let H be the subgroup of L.^, generated by w(ti). 

Since F' is complete, it admits no immediate extensions of transcendence 
degree n. Therefore LT 7 ^ L^. Let w' be the valuation obtained from w with 
value group T^/iL. By construction, w' is trivial on F' and has residue field 
F' , since w'{ti) = 0. Since w' is a coarsening of a p-henselian valuation, it is 
itself p-henselian. Hence w' is an F'-valuation with s{Gf{p)) C D^'- 

To show uniqueness, suppose w” is another valuation such that s{Gf'{j), q)) C 
F^//. Then as both are p-henselian with residue field not p-closed, they are 
comparable, by Proposition 15.31 applied to the class Cp^g. If w' is a coarsening 
of w", then the quotient valuation w"/w' is a p-henselian valuation on an 
algebraic extension of F' with residue field F', and hence must be trivial. 
That is, w" = w' . The argument is identical if w” is a coarsening of w'. □ 

Corollary 10.2. Suppose X is a smooth, projective variety over F, where 
F is a finite extension ofQ„ containing and Co- Then there is a section of 
(8) if and only ifX{F)^%. 

Proof. Note that the valuation w' of Proposition llQ.fl defines an F'-rational 
place of F{X), and hence gives rise to a point in X{F'). Indeed, we may 
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always choose a generic point in F{X) with positive valne. Its image nn- 
der the place gives a rational point a G X{F'). Since the restriction map 
Gk{p) —t Gf{p) is an isomorphism, F is relatively algebraically closed in K, 
and because X is dehned over F, in fact a G X{F), as desired. □ 

Corollary 10.3. Suppose X is a smooth, projective curve over F, where F 
is a finite extension of Qp containing (p and (q. Then every section of (8) 
lies over a unique F-rational point a G X{F). 

Proof. This follows from the above corollary at once using Lemma 1.7 from 
|6]. Alternatively, it is a classical result that for curves, all F-valuations come 
from F-rational points. □ 

If we had used maximal solvable quotients instead of maximal (p, q)- 
quotients, we would obtain all the same results, except in this case no extra 
assumptions need to be made on the presence of roots of unity. In particular: 

Corollary 10.4. Suppose X is a smooth, projective curve over F, where F 
is a finite extension of Qp. Then every section of the exact sequence 

1 . ^solv . /^solv V r^solv . -1 

-L ^ ^F{X) ^F(X) ^ -L 

lies over a unique F-rational point. 
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